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Addenda and Errata  t o  WIS-TCI-28 - Wpper and Lower Bounds f o r  Ground 

S t a t e  Second Order 

Pe r tu rba t ion  Energy" 

by Stephen Prager  and 

Joseph 0. Hirsch fe lde r  

Abs t rac t  F ive  l i n e s  from bottom should reads 
f1 e - .  wave funct ion ,  the Hyl le raas  p r i n c i p l e  i s  presented o o o  tr 

P. 3 Third l i n e  from t h e  top: change "isff t o  "are" . 
Fourth l i n e  from the  top: should read " 0 . 0  a r b i t r a r y  

a d d i t i v e  constant ."  

Three l i n e s  above Eq. (6): change "Sections" t o  "sections" . 
One l i n e  below Eq. (17): d e l e t e  "only s l i g h t l y "  e - 1 P* 6 

- i Below Eq,(18) i n s e r t :  "Here s 5 may be a r b i t r a r i l y  l a rge , "  

P- 8 Replace l a s t  two l i n e s  with: '%he t r u e  func t ion  F The 

r i g h t  hand s i d e  of (27) i s  independent of a For any 

o t h e r  proper ty  depending on t h e  magnitude of F , t h e  most 

probable  va lue  of t h e  cons tan t  a isf' . 
_..- - p. 12,13 Replacement i s  on oppos i te  s i d e  of  t h i s  page. 

p. 14 Ref. 8. Add a t  end i n  p l ace  of J. 0. Hirsch fe lde r  reference:  

afA. Dalgarno and J. T. Lewis, Proc. Roy. SOC. A233, 70 (1956) ; 

A. Dalgarno and A. L. Stewart ,  Proc. Roy. SOC. A238, 269 (1956)." 

p. 15 Ref. 13. Last equat ion should read: 

, . . /  , . r. r ... 
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ABSTRACT 

The f i r s t - o r d e r  pe r tu rba t ion  equat ion,  using t h e  Dalgarno-Lewis 

formulat ion,  is a r ranged ina fo rm analagous t o  t h e  Poisson equat ion  

f o r  t h e  electrostatic p o t e n t i a l  produced by a charge d i s t r i b u t i o n  i n  

a medium of v a r i a b l e  d i e l e c t r i c  cons tan t .  Thus, t he  Thomson and 

D i r i c h l e t  v a r i a t i o n a l  p r i n c i p l e s  of e l e c t r o s t a t i c s  can be used t o  

o b t a i n  approximate so lu t ions  t o  the  f i r s t - o r d e r  pe r tu rba t ion  equation 

f o r  systems i n  e i t h e r  t he  ground s t a t e  o r  t he  lowest energy s t a t e  of a 

given symmetry. The Thomson p r i n c i p l e  provides  a u se fu l  lower bound 

t o  the  second-order pe r tu rba t ion  energy. The D i r i c h l e t  p r i n c i p l e  i s  

d e r i v a b l e  from the  Rayleigh-Ritz o r  Hylleraas  p r i n c i p l e s  and g ives  an 

upper bound t o  the  second-order energy. For  exc i ted  s t a t e s ,  t h e  

Sinanoglu p r i n c i p l e  provides  the  upper bound. By opt imizing the  s c a l i n g  

of t he  tr ial  per turbed wave funct ion,  both t h e  Hylleraas and the  

Sinanoglu p r i n c i p l e s  are presented i n  a somewhat improved form. As an 

example, the p o l a r i z a b i l i t y  of atomic hydrogen i s  used t o  i l l u s t r a t e  

both t h e  Thomson and D i r i c h l e t  p r i n c i p l e s  and t o  p l ace  upper and lower 

bounds on t h e  p o l a r i z a b i l i t y .  

* 
This  r e sea rch  was supported by the  fol lowing grant:  Nat ional  
Aeronautics and Space Administration Grant NsG-275-6&4180). 
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SECOND ORDER PERTURBATION ENERGY* 

by 
Stephen Prager 

Department of Chemistry, University of Minnesota 
Minneapolis, Minnesota 

and 

Joseph 0. Hirschfelder 

Madison, Wisconsin 
University of Wisconsin, Theoretical Chemistry Institute 

I. Introduction 

The first order perturbation equation in molecular quantum mechan- 

ics can be expressed in a form which is similar to the equation for the 

electrostatic potential of a charge distribution in a medium of variable 

dielectric constant. 

to the electrostatic energy of this charge distribution. By this anal- 
ogy, the well-known Dirichlet and Thomson variational principles of 

e1ectrostaticslJ2 can be used to provide upper and lower bounds for the 

second-order perturbation energy of a molecule in its ground state. 

The Dirichlet principle for the upper bound is derivable from the 

quantum mechanical Rayleigh-Ritz principle and is somewhat better than 

the Hylleraas principle3j4 which is frequently used for perturbation 

problems. The Thomson principle for the lower bound is far bqtter than 

the Weinstein-MacDonald principle 4’ 

best lower bound estimate (without explicit consideration of the energy 

of the first excited state). 

atomic hydrogen i s  used as a simple example to show the efficacy of the 

Thomson and the Dirichlet principles. Following Sinanoglu , the 
Dirichlet principle can be extended to give upper bounds for the energy 

of molecules in excited states by making use of the unperturbed wave 

functions for each of the lower energy states, The Thomson principle 

The second-order perturbation energy is proportional 

which previously provided our 

The calculation of the polarizability of 

7 
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might be  extended t o  g ive  lower bounds t o  t h e  energy f o r  exc i t ed  s ta tes .  

However, when t h e  p e r t u r b a t i o n  equat ion  i s  separable ,  t h e  s o l u t i o n s  

may be obtained by quadra ture  and t h e r e  i s  l i t t l e  need for a v a r i a t i o n a l  

p r i n c i p l e .  

The Dalgarno-Lewis proCddure8 

t o  t h e  pe r tu rba t ion  equat ions  has made i t  f e a s i b l e  t o  apply pe r tu rba -  

t i o n  theory  t o  a wide c l a s s  of molecular problems where complete s e t s  

of s o l u t i o n s  are not  known f o r  t h e  unperturbed system P e r t u r b a t i o n  

t r ea tmen t s  have t h e  advantage over v a r i a t i o n a l  methods t h a t  they  permit 

t h e  system i t s e l f  t o  s e l e c t  t h e  proper  type  of t e r m s  which should be 

included i n  t h e  t r i a l  wave func t ion .  From a knowledge of t h e  t r i a l  

wave func t ion  through t h e  f i r s t  o rde r ,  t h e  energy can be c a l c u l a t e d  

a c c u r a t e l y  through t h e  t h i r d  order .  

i s  s u f f i c i e n t  accuracy. 

f o r  determining e x p l i c i t  s o l u t i o n s  

10 

For many chemical purposes t h i s  

Dalgarno and Lewis8' express  t h e  f i r s t - o r d e r  per turbed  wave 

func t ion  as a product of a func t ion  F and J I o  Here J I o  i s  t h e  

ze roe th  order  (or  unper turbeq  wave function'' f o r  t h e  s t a t e  under 

cons ide ra t ion  (which is  des igna ted  by t h e  s u b s c r i p t  "0"). 

w e  t ake  \Ira t o  be  real. I f  V i s  t h e  p e r t u r b a t i o n  p o t e n t i a l ,  t h e  

f i r s t - o r d e r  p e r t u r b a t i o n  equat ion  can be  expressed i n  t h e  form 

For convenience 

Here eo (I) i s  t h e  f i r s t  o r d e r  p e r t u r b a t i o n  energy,, 

The second and t h i r d - o r d e r  ene rg ie s ,  6 22) and 6i3) ? are 

The product F J r o  must s a t i s f y  t h e  same boundary cond i t ions  and t h e  
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same condi t ions  of con t inu i ty ,  square i n t e g r a b i l i t y ,  and con t inu i ty  of 

t h e  f i r s t  d e r i v a t i v e s  (except  a t  i n t e r i o r  p o i n t s  where t h e  p o t e n t i a l  

energy i s  s ingu la r )  as i s  normally expected of s t a t i o n a r y  s t a t e  wave 

func t ions .  Equat ion (1) de f ines  F except  f o r  an a r b i t r a r y  cons tan t .  

Usual ly  t h i s  cons tan t  is  ad jus t ed  so as t o  make 

I f  qs  
unperturbed ene rg ie s  are and E f o r  t h e  two states, 

Jro F J r o  d: = 0 
and t h e  is  t h e  unperturbed wave func t ion  f o r  t h e  s t a t e  "sff 

s 
S 0 

I f  Eq. (1) i s  separable ,  F can be determined by quadra ture  i f  t he  

s ta te  under cons ide ra t ion  i s  e i t h e r  t h e  ground s ta te  o r  t h e  lowest 

energy s t a t e  of a given symmetry. 

encountered s i n c e  F may have poles a t  p o i n t s  where Jr has nodes. 

For exc i t ed  states, t h e r e  are s p e c i a l  procedures f o r  determining F 

provided t h a t  Eq. (1) i s  separable12. 

conf ine  our  a t t e n t i o n  t o  t h e  ground s t a t e  o r  t h e  lowest energy s t a t e  

of a given symmetry. The h igher  order  p e r t u r b a t i o n  equat ions  can be 

w r i t t e n  i n  t h e  same gene ra l  form as Eq. (1). Thereforebwithout  

d i f f i c u l t y ,  t h e  r e s u l t s  of t h e  following Sec t ions  can be genera l ized  

t o  t h e  h igher  o rde r s  of pe r tu rba t ion .  

For  o the r  s ta tes ,  d i f f i c u l t i e s  are 

0 

Except i n  Sec t ion  V I ,  w e  s h a l l  

The f i r s t  o rde r  pe r tu rba t ion  r e l a t i o n ,  Eq. (l), may be regarded 

as a Poisson equat ion  

f o r  t h e  e l e c t r o s t a t i c  p o t e n t i a l  

t i o n  
2 cons tan t  K = q0 . Furthermore, t h e  e l e c t r o s t a t i c  s e l f - ene rgy  of t h e  

charge d i s t r i b u t i o n  i s  U = %Jp$ df = - (4n) 

Thomson and D i r i c h l e t  p r i n c i p l e s  of e l e c t r o s t a t i c s  can be appl ied t o  

o b t a i n  lower and upper bounds f o r  

i n  F a r i s i n g  from nodes i n  J I  are avoided by r e s t r i c t i n g  the  

d i s c u s s i o n  t o  t h e  ground s t a t e  o r  t o  t h e  lowest energy s t a t e  of a given 

symmetry. 

0 = F produced by t h e  charge d i s t r i b u -  

= -(2n) -1 S0(V- Eo (1) )q0 i n  a medium of v a r i a b l e  d i e l e c t r i c  

. Thus, t h e  

e (2) provided t h a t  s i n g u l a r i t i e s  
0 

0 
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1,2 11. Thomson and D i r i c h l e t  P r i n c i p l e s  i n  E l e c t r o s t a t i c s  

I n  a medium of v a r i a b l e  d i e l e c t r i c  cons tan t  K , t h e  self-energy 

U of a charge d i s t r i b u t i o n  f' may be w r i t t e n  i n  a number of d i f f e r e n t  

ways : 13 

Here t h e  e l e c t r i c  f i e l d  i s  minus t h e  g rad ien t  of t h e  e l e c t r o s t a t i c  

p o t e n t i a l ,  

E = - V $  
M 

I f  i n  p lace  of t h e  t r u e  potent-a  0 (which s a t i s f i e s  Eq. (6))  and t h e  

t r u e  e l e c t r i c  f i e l d  E, (which s a t i s f i e s  Eq. (8)) w e  u se  t h e  t r i a l  

p o t e n t i a l  0 and t h e  t r i a l  f i e l d  f , t h e  t h r e e  i n t e g r a l s  i n  Eq. (7 )  

are no longer equal  nor equal  t o  U . However, w e  have t h e  fol lowing 

i n e q u a l i t i e s :  

- 

Thomson's P r i n c i p l e  states t h a t  t h e  se l f -energy  given i n  terms 

of the  t r i a l  e lec t r ic  f i e l d  c o n s t i t u t e s  an upper bound on U , 

sub jec t  t o  the  condi t ion  t h a t  t h e  t r i a l  e l e c t r i c  f i e l d  s a t i s f i e s  t h e  

Poisson equat ion i n  t h e  form 

The e q u a l i t y  i n  (9)  only a p p l i e s  i f  . a l so  s a t i s f i e s  Eq. (8) i n  which 

case  t h e  t r i a l  f i e l d  i s  equal  t o  t h e  t r u e  f i e l d .  

D i r i c h l e t ' s  P r i n c i p l e  provides  a lower bound t o  t h e  se l f -energy .  

It s ta tes  t h a t  
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0 

f o r  any t r i a l  p o t e n t i a l  0 t h a t  goes t o  zero  a t  i n f i n i t y .  The e q u a l i t y  

i n  (11) i s  only obtained when 0 s a t i s f i e s  Eq. (6) and i s  t h e r e f o r e  

equal  t o  t h e  t r u e  p o t e n t i a l .  

I 

Equat ions of t h e  Poisson type occur i n  connection wi th  a wide 

v a r i e t y  of phys i ca l  phenomena. Thus, t h e  Thomson and D i r i c h l e t  

p r i n c i p l e s  have been used t o  determine t h e  magnetic permeabi l i ty  i n  

mult iphase systems14, t h e  e f f e c t i v e  d i f f u s i o n  cons tan t  i n  p o l y - e l e c t r o l y t e  

s ~ l u t i o n s ~ ~ ,  t h e  Fermi-Thomas energy of atomic systems16, and t h e  

eva lua t ion  of quantum mechanical exchange and coulombic i n t e g r a l s  . I n  

add i t ion ,  t h e  D i r i c h l e t  p r i n c i p l e  has been used t o  determine t h e  

Brownian movement i n  many-part ic le  systems17 and t h e  d i f f u s i o n  and 

v iscous  flow i n  concentrated suspensions18. 

success fu l  app l i ca t ions ,  it is  not s u r p r i s i n g  t h a t  the  Thomson and 

D i r i c h l e t  p r i n c i p l e s  can be u s e f u l l y  appl ied t o  p e r t u r b a t i o n  problems. 

2 

With such a h i s t o r y  of 

111. Lower Bound f o r  c22) , _Thornson's P r i n c i p l e  

Thomson's p r i n c i p l e  can be appl ied t o  pe r tu rba t ion  theory  provided 

t h a t  n e i t h e r  q 0 ( V -  nor  F have s i n g u l a r i t i e s .  The f i r s t  

cond i t ion  is s a t i s f i e d  i f  t h e  Rayleigh-Schrodinger p e r t u r b a t i o n  theory  

i s  a p p l i c a b l e  (without s p e c i a l  cons idera t ions) .  The second cond i t ion  

is  s a t i s f i e d  i f  t h e  s ta te  "0" under cons ide ra t ion  i s  t h e  lowest ehergy 

e t a t e _ o f . a  given symmetry. Under t h e s e  condi t ions ,  by analogy w i t h  

Eqs. (9) and ( lo ) ,  

s u b j e c t  t o  t h e  cond i t ion  t h a t  the  t r i a l  "f ie ld"  

Poisson equat ion  i n  t h e  form 

5 s a t i s f i e s  t h e  
rA 

The e q u a l i t y  i n  (12) a p p l i e s  i f ,  and only i f  

PROOF: 

IC = -V F . 

F i r s t ,  l e t  u s  prove t h a t  the e q u a l i t y  i n  (12) a p p l i e s  f o r  t h e  



6 

t r u e  "f ie ld"  2 = -V F . Mult ip ly ing  Eq, (1) by F and i n t e g r a t i n g  

over a l l  space, 

The condi t ions  f o r  t h e  a p p l i c a b i l i t y  of Thomson's p r i n c i p l e ,  s t a t e d  

above, i n su re  t h a t  Gauss' theorem can be appl ied  t o  t h e  l e f t -hand- s ide  

of Eq. (14) 

4 s F  V-(Jro2 V F )d r  I- = 4JJr:  F V F-dS fm - %J$ 0 V F-V F d r  CI 

a l l  space boundary su r face  a l l  space 
a t  i n f i n i t y  

The su r face  i n t e g r a l  i n  Eq. (15) vanishes  because of t h e  boundary condi- 

t i o n s  imposed upon t h e  s t a t i o n a r y  s t a t e  wave func t ion  Jr  and i t s  

pe r tu rb  a t  ion  F 

t h e  d i s t a n c e  as t h e  d i s t a n c e  approaches i n f i n i t y ) .  Combining E q s .  (14) 

and (15) and us ing  t h e  d e f i n i t i o n  of G, , 

0 

( they  go t o  ze ro  f a s t e r  than  any negat ive  power of 

Furthermore, Eq.  (1) can be  w r i t t e n  i n  terms of G, ., 

Now l e t  u s  cons ider  a t r i a l  f i e l d  which d i f f e r s  only s l i g h t l y  

from t h e  t r u e  f i e l d ,  

S u b s t i t u t i n g  Eq. (18) i n t o  Eq. (16),  

I 
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Substituting Eq. (18) into Eq. (17) and imposing the condition (17), 

Multiply Eq. (20) by F and integrate over all space, to give 

J F  V*(S:6_C)dr k = 0 (21) 

gg has no singularities, Gauss’theorem may be applied to Eq. (21) If 

to give 

Making use of Eq. (22) and the definition G = -V F , 
AL 

Thus, Eq. (19) becomes 

Since the second integral is necessarily positive, the Thomson 
principle, Eq. (12) is necessarily true. 

Comparison of Thomson and Weinstein-MacDonald Principles 

The best previous principle for obtaining lower bounds for the 

energy of the ground state (without requiring knowledge of the energies 

of excited states) is that of Weinstein and MacDonald 4 ’ 5 ’ 6 .  If H 

is the Hamiltonian for the system, 

state, $ is a normalized trial wave function, J1 = f $ H $ d z ,  

and J2 -j$ H2 9 d z  , then the Weinstein-MacDonald principle states 
that 

Eo is the energy of the ground 
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Let us apply this 

the energy of the 

and its true wave 

the un-normalized 

principle to a perturbation 

ground state is E = 

function is J I o  + R F  J I o  4- 
€0 + 0 

problem where H = ho -I- hV 

0 

0 0 "  If we suppose that 
trial wave function is J I  + F I), , then the 

0 

Weinstein-MacDonald principle states that 

+ A312 (...) f . . e  

Since the integrand in Eq. (26) is only zero if is equal to the true 

function 

parameter on the right-hand-side is not A e 2') . Thus, the Weinstein- 

MacDonald principle does not even accurately predict the first order 

energy and gives us no 

tion energy in this application. Thus, the Thomson principle is 

unchallenged as our best means for determining the lower bound to the 

second order perturbation energy. 

i? 
F , the coefficient of the first power of the perturbation 

information regarding the second-order perturba- 

IV. Upper Bound for Dirichlet's Principle (Derived from 

Rayleigh-Ritz Principle) 

Dirichlet's principle can be applied to perturbation theory with 

the same provisos as given for the Thomson principle in Section 111. 

By analogy with Eq. (11) 

where i? 
have any singularities and that Jr  f V approaches zero faster than 

the square of the distance in the limit as the distance approaches 

infinity. The equality holds if, and only if, F is proportional to 

the true function F e Furthermore, if :a i? is a trial function., the 

optimum value of the constant a is 

is any trial function subject to the conditions that it not 

0 
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Dirichlet’s principle is only applicable to molecules in their ground 

state or the lowest energy state of a given symmetry, 

principle, discussed in Section VI, provides an upper bound for the 
second order perturbation energy of excited state molecules. 

PROOF : 

SinanogluPs 

Although the Dirichlet principle can be justified directly by 

using the standard methodsof-vari.atidnril calculus, we shall derive it 

in two steps starting with the Rayleigh-Ritz minimum energy principle. 

Using the notation of the previous section, the Rayleigh-Ritz principle 

states that Eo 5 J1 . In a perturbation problem with H = h + AV , 
if we evaluate J using the un-normalized trial wave function 

qo + i \ F  9, , then the Rayleigh-Ritz principle gives 

0 

1 

where 

Since Eo = €o + a e:’) 4- X2 E L 2 )  + * a  0 we can subtract eo + ( 1) 
2 from both sides of (29) and divide by A to obtain 

Since Eq. (30) is true for all sufficiently small values of A ,  it 
follows that 

This is the Hylleraas principle 4 ’ 5 ’ 6 *  

if, the trial function f is equal to the true function F The 

Hylleraas principle has been used extensively in perturbation theory 

The equality holds if, and only 
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t o  provide a p e r t u r b a t i o n - v a r i a t i o n a l  upper bound on t h e  second o rde r  

p e r t u r b a t i o n  energy. The D i r i c h l e t  p r i n c i p l e ,  Eq. (27) , i s  r e a d i l y  

der ived  from t h e  Hyl le raas  p r i n c i p l e .  However, t h e  D i r i c h l e t  p r i n c i p l e  

u s u a l l y  gives a c l o s e r  l i m i t .  

The f i r s t  s t e p  i n  d e r i v i n g  t h e  D i r i c h l e t  p r i n c i p l e  i s  t o  examine 

t h e  f i r s t  i n t e g r a l  i n  Q . Since  h = -%V + v where v i s  t h e  

p o t e n t i a l  energy of t h e  unperturbed system, 
0 0 0 

And, of course, ho Jr = E o  q0 . Thus, 

The l a s t  s t e p  i n  Eq. ( 3 4 )  i s  obtained through i n t e g r a t i o n  by p a r t s  and 

i s  only permiss ib le  i f  f has no s i n g u l a r i t i e s ,  and qO2 F V F 
approaches ze ro  f a s t e r  t han  t h e  square  of t h e  d i s t a n c e  i n  t h e  l i m i t  

as t h e  d i s t a n c e  approaches i n f i n i t y .  Thus, t h e  Hy l l e raas  p r i n c i p l e  

can be  r e s t a t e d  i n  t h e  form 

Now, i n  p lace  of I? , l e t  us  use  as t r i a l  f u n c t i o n  a F . Then ( 3 5 )  

becomes 

By vary ing  t h e  cons tan t  "a", t h e  r igh t -hand-s ide  of ( 3 6 )  can be minimized 

and t h e  upper bound f o r  improved. 

given by Eq. (28) .  I n s e r t i n g  Eq. (28) i n t o  (36) g ives  t h e D i r i c h k e t  

p r i n c i p l e  as expressed i n  (27) .  

e o  (2) The optimum va lue  of "a" i s  
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V. I l l u s t r a t i o n :  P o l a r i z a b i l i t y  of 1s Atomic Hydropen 

The p o l a r i z a b i l i t y  of a hydrogen atom i n  i ts  ground s t a t e  provides  

a good example t o  i l l u s t r a t e  t h e  a p p l i c a t i o n  of t h e  Thomson and 

D i r i c h l e t  p r i n c i p l e s .  

f i e l d  i n  t h e  x d i r e c t i o n .  The e l e c t r i c  f i e l d  s t r e n g t h  is taken t o  

be t h e  p e r t u r b a t i o n  parameter and 

t i o n  energy (or  S t a r k  e f f e c t )  is zero f o r  t h i s  case. 

i s  def ined  t o  be  .d = - 2 E o  (2) . The 1s wave func t ion  f o r  t h e  

unperturbed hydrogen atom i s  9, = ( n ) - f  exp(-r)  - 
Thomson's P r i n c i p l e  

Consider the atom perturbed by a uniform e l e c t r i c  

V = -x The f i r s t - o r d e r  per turba-  

The p o l a r i z a b i l i t y  

Condition (13) becomes f o r  t h i s  example, 

A p o s s i b l e  t r i a l  f i e l d  which s a t i s f i e s  Eq. ( 3 7 )  i s  

- 
G 
LL 

Here .j i s  t h e  u n i t  vec to r  i n  t h e  x d i r e c t i o n .  That t h e  t r i a l  
4-x 

of Eq. (38) is  not  t h e  c o r r e c t  f i e l d  i s  ev ident  from t h e  f a c t  t h a t  * 
t h e  c u r l  of Eq. (38) does not  vanish.  

S u b s t i t u t i n g  (38) i n t o  (12) gives 

Thus, E is not  equal  t o  -V F . 

6:) > -2.375 or o( < 4 . 7 5  ( 3 9 )  

D i r i c h l e t ' s  P r i n c i p l e  

@ = ax provides  a reasonable  t r ia l  func t ion  f o r  use  i n  D i r i c h l e t ' s  

p r i n c i p l e ,  (27). The upper bound f o r  E (2) i s  then  
0 

2 
€ 0  (2) < -2[:Jx2 exp(-2r)dr] rc = -2 

Or, o( > 4  . 
According t o  Bq. (28), 
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Thus, 4.00 < d < 4.75 . The c o r r e c t  va lue  of & i s  4.50 

By us ing  more complicated func t ions  f o r  e and I? .9 t h e  l i m i t s  on fZ 

can be made as c l o s e  as des i r ed .  

(2)  V I .  Upper Bound f o r  Exci ted S t a t e  Q o  Sinanoglu 's  P r i n c i p l e  

For exc i ted  molecular s ta tes ,  t h e  upper bound f o r  
7 

E(2'  may be 
0 

obtained from a modi f ica t ion  of Sinanoglu 's  p r i n c i p l e  : 

sub jec t  t o  the  cond i t ion  t h a t  

f o r  a l l  s ta tes  "s" which are lower i n  energy than t h e  "0" s ta te  under 

cons idera t ion ,  Eo > cs . The t r i a l  func t ion  i s  f u r t h e r  r e s t x i c t e d  

by t h e  requirement t h a t  

and i n t e g r a b i l i t y  condi t ions  requi red  of J I  The e q u a l i t y  i n  (42)  holds  

i f ,  and only if, f i s  p ropor t iona l  t o  t h e  t r u e  F . Furthpxnore,  i f  

a f i s  a t r i a l  func t ion ,  t h e  optimum cons tan t  a i s  

I? $, 
s a t i s f y  t h e  same boundary, cont inui ty , ,  

0 

PROOF E 

The proof of t h e  modified Sinanoglu p r i n c i p l e  i s  ve ry  similar t o  

t h e  proof of t h e  I I i r i c h l e t  p r i n c i p l e  given i n  S e c t i o n  I V .  W e  u se  f o r  

t h e  un-normalized t r i a l  wave func t ion  q + A F  J r o  Because of t h e  

condi t ions  given by Eq. (43),  t h i s  t r i a l  wave func t ion  is orthogonal  

t o  a l l  of t he  lower energy s ta tes  of t h e  system. Because of t h i s  

or thogonal i ty  

Hylleraas  p r i n c i p l e ,  Eq. ( 3 2 ) , s t i l l  a p p l i e s ,  The p r i n c i p l e  which 

0 

4 
Eo 5 J1 . Thus, wi th  the  cond i t ions  of Eq. (43),, t h e  

a 



Sinanoglu derived7 is a combination of Eq. (32) with the conditions of 

Eq. ( 4 3 ) .  

For excited states, the Hylleraas principle cannot be rearranged 

into the form of Eq. (35) since may have poles at places where 

has nodes and therefore Gauss' theorem may not be used in Eq. (34). 
$0 

By using as trial function a P , the Hylleraas principle (32) becomes 

By varying the constant "a", the right-hand-side of (45) can be 
minimized and the upper bound for E ( 2 )  improved. The optimum value 

of ''a" i s  given by Eq. ( 4 4 ) .  Inserting Eq. (44) into (45) gives the 
modified Sinanoglu principle as expressed in ( 4 2 ) .  

0 

13 
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